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Recent interest in the induced drag characteristics of crescent-shaped wings has led to a closer look at the
methods used for determination of induced drag from computational aecrodynamic methods. Induced drag may
be computed by integration of surface pressure or by evaluation of a contour integral in the Trefftz plane. A
high-order panel method was used to study the induced drag of elliptical and crescent-shaped wings using both
techniques. Induced drag computations using surface pressure integration were strongly affected by panel density
and angle of attack. Drag computations for the crescent wing were especially sensitive to spanwise panel density
because of the complex flowfield near the tip. Trefftz-plane results for the two wing planforms were not sensitive
to panel density or angle of attack. The effect of correctly modeling the force-free, rolled-up wake geometry on
the predicted span efficiency was demonstrated for both wing planforms. The span efficiency predicted from
Trefftz-plane integration was about 0.97 for the elliptical wing and 0.99 for the crescent wing, both somewhat
less than the classical theoretical maximum for planar wings. Most of the apparent drag reduction of the crescent
wing claimed in previous studies was probably an artifact of the surface-pressure integration. The slightly higher
span efficiency for the crescent wing was attributed to a more nearly elliptical spanwise lift distribution.

Nomenclature e = source strength
AR = wing aspect ratio, b?/S ¢ = perturbation potential
b = wing span Introduction
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study various “‘crescent moon-shaped wings,” shown in Fig.
1. The family of wings studied in Ref. 8 were defined by
elliptical chord distributions and NACA 0012 airfoils, with
the leading edge defined by ellipses of increasing eccentricity.
The x coordinate of the tip (X,) was defined by the leading-
edge eccentricity. Induced drag was computed by integrating
surface pressures on models with 1000 surface panels (N, =
50, N, = 10). The iterative wake relaxation feature of VSA-
ERO was used to model the rolled-up trailing wake.

The relative induced drag of a wing may be expressed by
the span efficiency factor e, defined as the ratio of the induced
drag of an elliptically loaded wing to the induced drag of a
particular wing of the same span and total lift. The span
efficiency of these crescent wings as computed in Ref. 8 are
shown in Fig. 2. Van Dam computed a span efficiency of 1.0



SMITH AND KROO:

0.25

Fig. 1 Various crescent moon-shaped wings.?
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Fig. 2 Computed span efficiency for various crescent-shaped wings
from Ref. 8.

for the elliptical wing with straight quarter-chord line (X, =
0.25) and larger values of span efficiency as the wing tip was
sheared back (up to 1.08 for X, = 1.5). He hypothesized that
the higher span efficiencies were related to favorable inter-
actions of the rolled-up wake on the wing. Wind-tunnel in-
vestigations have also shown drag savings for these crescent
wings, although the savings are of the same order as the
experimental uncertainty.?1°

These results raise the somewhat surprising possibility of
planar wings with lower induced drag than the elliptical wing.
However, they also raise questions about the planform shape
that best approximates the elliptical span loading, the influ-
ence of the rolled-up trailing wake, the numerical accuracy
of induced drag computation by surface pressure integration,
and the use of other techniques for determining induced drag
from computational methods. The objective of the present
study is to examine these problems of computational induced
drag prediction as they apply to the induced drag of elliptical
and crescent-shaped wings.

Methodology

A high-order panel method with very high resolution geo-
metric modeling was used in-an effort to achieve the highest
possible accuracy. Induced drag was determined by integrat-
ing the surface-pressure distribution and from Trefftz-plane
quantities. Elliptical and crescent-shaped wings were analyzed
to evaluate the effects of panel density, wake modeling, and
planform characteristics on induced drag.

Panel Method

The high-order panel method, A502 (PANAIR) applies a
quadratic distribution of doublets and a linear distribution of
sources over each panel with doublet and source matching at
each panel edge.* This model is equivalent to a linearly vary-
ing distribution of vorticity over each panel. Indirect mass-
flux boundary conditions are imposed by the setting the source
strength to o = —V,_'n, (known) and solving for the doublet
strength (unknown) so that ¢ = 0 on the interior. The Kutta
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condition is imposed by the explicit vorticity matching at the
trailing edge, and the trailing wake is equivalent to a sheet
of distributed vorticity. The A502 program includes a scheme
for obtaining forces and moments by surface-pressure inte-
gration that is consistent with the linear vorticity distribution.

Wake Modeling

Linear solution of the panel method requires that the trail-
ing wake geometry be prescribed. To study the effects of wake
geometry on induced drag computation, both freestream and
force-free wake models were used. For the paneling sensitivity
evaluation, the trailing wake paneling was extended 36 semi-
spans downstream of the wing in the freestream direction. It
should be noted that this straight wake is not necessarily planar,
but rather takes on the shape of the trailing edge projected
onto the Trefftz plane. The crescent planform with straight
trailing edge (X, = 1.0) does have a planar wake, whereas,
the classical elliptical wing (X, = 0.25) has an elliptical wake
trace in the Trefftz plane.

A force-free wake model was generated using a time-march-
ing unsteady vortex-lattice method.!' The resulting discrete
vortex wake was used to define the geometry of the high-
order wake panels for the A502 code. Although the wake
generated by the vortex-lattice code looked qualitatively cor-
rect, Trefftz-plane analysis indicated that the wake shape was
inaccurate. An alternative scheme was developed which used
the high-order panel method to find the velocities induced on
the wake from the wing, and the customary vortex method
to find the velocities induced by the wake. This approach
proved to be a robust method of creating accurately rolled-
up free wake geometries.

Surface-Pressure Integration

It is well-known that numerical integration of surface pres-
sure to compute drag is a very poorly conditioned problem.
The aft-facing surfaces of the wing have a shallow slope, so
that only a small component of the pressure acts in the free-
stream direction. The forward-facing surfaces have larger slopes,
but the pressure distribution has large gradients in the vicinity
of the leading edge, making it difficult to accurately resolve
the large component of pressure in the streamwise direction.
To further aggravate the problem, the contributions from the
fore- and aft-facing surfaces largely cancel, leaving only a
small value of drag which is vulnerable to numerical error.
These errors may vary systematically with wing planform shape,
since, e.g., local leading-edge sweep causes a reduction in
attachment-line pressure and/or a more pronounced suction
peak that may not be resolved as well.

There is some temptation to evaluate the pressure-inte-
grated drag at zero angle of attack, where the inviscid drag
is exactly zero, to form a ‘“‘drag tare” to be used to adjust
pressure-integrated drag results at other angles of attack. Al-
though this may be effective in correcting for errors in inte-
grating the thickness-dependent pressure distribution, it can-
not correct for the error in resolving the pressure distribution
due to angle of attack. The local surface slope and panel
density at the location of the suction peak and the stagnation
point change with angle of attack, so the “tare” is not rep-
resentative of the pressure integration error, even at small
angles of attack. No adjustment of surface-pressure integrated
results were made in this study.

Trefftz-Plane Integration

The induced drag may also be found by the integration of
pressure and momentum over a control volume surrounding
the wing. When the control volume extends to infinity, only
the surface integral over the exit plane remains:

Di=p/2ff(w2+v2—u2)da

When the trailing vorticity is confined to a thin wake sheet
and the u component is negligible, this integral reduces to a
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contour integral along the intersection of the trailing vortex
wake with the control-volume exit plane.’? This so-called
Trefftz-plane integral relates the induced drag to the jump in
potential across the wake, and the “normal-wash” velocity
through the wake:

Di = P/2 f (¢upper - ¢lower)(V'n) ds

An approximation is introduced by the reduction to a con-
tour integral when the wake is deflected from the freestream.
This error is of order (£)?, where ¢ is the local angle between
the wake vorticity and the freestream.®

Trefftz-plane surveys were made 18 semispans from the
wing. To measure the trailing wake properties needed for
Trefftz-plane integration, pairs of survey points were located
along the wake a very small distance above and below the
wake, shown in Fig. 3. The A502 program computed the
velocity and perturbation potential at these points. The ve-
locity in the wake at a particular station was then found by
averaging the velocities of the corresponding survey points,
and the jump in potential across the wake is found by the
difference in potential between the two points.

Geometry

Induced drag was computed for two wing geometries cor-
responding to the X, = 0.25 and the X, = 1.0 geometries of
Ref. 8. The X, = 0.25 wing is a classical elliptical wing with
a straight quarter-chord line, whereas, the X, = 1.0 wing has
an elliptical leading edge and a straight trailing edge. The X,
= 1.0 wing is particularly interesting because a trailing wake
modeled straight off the trailing edge in the freestream di-
rection is planar at all angles of attack. This planform will be
referred to as a crescent wing, although it does not have the
extreme sweep of the X, = 1.5 planform. Both wings had an

Trefftz Plane

Survey Points

Fig.4 Typical panel models 6(‘ elliptical (above) and X, = 1.0 crescent
(below) wings, N, X N, = 50 x 10.
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aspect ratio of 7.0, NACA 0012 airfoils, and no twist. As in
Ref. 8, the wings were analyzed at an angle-of-attack of 4
deg, producing a lift coefficient of about 0.34, representative
of cruise conditions.

The surface paneling in the chordwise direction was defined
by a half-(cosine)'?* spacing from the leading edge to the
maximum thickness point at 30% chord, and uniform spacing
from 30% chord to the trailing edge with some additional
panels added near the trailing edge. This distribution pro-
duced somewhat higher panel density near the leading edge
than cosine spacing. The spanwise panel spacing was defined
by a half-(cosine) % spacing, which concentrated more panels
near the wing tip than a cosine distribution. These panel spac-
ings seemed to provide the most satisfactory resolution of the
pressure distribution over the wing. The wing tip was cropped
at a span-fraction of 0.9995 and closed with additional panels.
Figure 4 shows typical panel arrangements on the X, = 0.25
elliptical wing a), and X, = 1.0 crescent wing b), with 1000
panels (N, X N, = 50 X 10 on the upper and lower surfaces).

Results and Discussion

Sensitivity to Paneling

The sensitivity of induced drag calculated by surface-pres-
sure integration to variations in surface panel density was
investigated by analyzing both wing geometries with a range
of panel densities. The span efficiency for each case was de-
termined from the lift and drag coefficients computed by sur-
face-pressure integration within the A502 code.

The variation of span efficiency for the crescent and el-
liptical wings with spanwise panel refinement is shown in Fig.
5. Initial studies focused on refining both the chordwise and
spanwise paneling, but found that 70-80 chordwise panels on
each surface were adequate. This is evident from the cases
with panelings of N, X N, = 72 X 36 and 86 x 36 for the
crescent wing, which have nearly the same computed span
efficiency. Spanwise panel density had a strong effect on the
pressure-integrated span efficiency, especially for the crescent
wing. The span efficiency predicted for the crescent wing
decreased almost 7% as N, was increased from 10 to 69. For
the same panel refinement, the elliptical wing span efficiency
decreased almost 3%. As the spanwise panel density was
increased, the predicted drag difference between the two plan-
forms decreased from 6 to 1.8%. The computed span effi-
ciency for both planforms continued to decrease, even with
N, = 69, over 11,000 total panels—requiring cpu time well
beyond practical limits for most applications. The initial de-
crease in span efficiency is most likely associated with more
accurate resolution of the three-dimensional flow near the
wingtip. Errors in pressure integration are apparently plan-
form-dependent when the spanwise resolution is inadequate.
As the panel density is increased further, resolution of the
surface pressures becomes less of a problem, but other nu-
merical or discretization errors seem to make convergence of

110 ——A-— Elliptical
~=E-— Crascent
1.08 !
1.06
1.04 B
o B
& 102 Bl
5 : ‘ \‘EL\\ / New72
5 100 e g e Nonts
ke - T
€ | eeeAemea ~—E_
& o8 & A P ! B S -
§ ' i
@» .96 i e I N
.94
.92
.90
0. 10. 20. 30. 40. 50. 60. 70.

o No. of Spanwise Panels, Ng
Fig. 5 Effect of spanwise panel density on span efficiency of elliptical
and crescent wings, computed by surface-pressure integration.
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the induced drag difficult. Reference 14 demonstrated very
similar convergence properties with the Douglas panel method.

For each of these cases, the induced drag was also deter-
mined by Trefftz-plane integration, shown in Fig. 6. Span
efficiency was computed from the Trefftz-plane drag and the
pressure-integrated lift. There is some sensitivity of the Trefftz-
plane results to spanwise panel spacing since the distribution
of wake properties is integrated numerically. However, with
N, = 10, the computed drag of the elliptical wing was within
1% of the result with N, = 20, and within 1.5% of the result
with N, = 69. The computed span efficiency of the crescent
wing was 0.85% better than the elliptical wing—about half
the drag reduction predicted from surface-pressure integra-
tion.

Sensitivity to Angle of Attack

To further study the sensitivity of the pressure integration,
each wing geometry was run at various angles of attack. For
the untwisted geometries studied here, the span efficiency
should not vary with angle of attack, except for the (very
small) effect of the nonplanar wake on the elliptical wing,
which should increase span efficiency at higher angles of at-
tack. As angle of attack is varied, the location and shape of
the leading-edge suction peak changes, affecting the accuracy
of the surface-pressure integration. In addition, the induced
drag at low angles of attack is quite small, so numerical error
may have a significant impact on the integration; at higher
angles of attack, the induced drag is much greater and the
impact would be lessened. The variation of span efficiency
found by surface-pressure integration (shown in Fig. 7) seems
to indicate that this is indeed the case. Even with very high
panel density (N, X N, = 86 X 36), the pressure-integration
results show strong dependence on angle of attack. No such
dependence on angle of attack is evident in the Trefftz-plane
integration, as shown in Fig. 8.
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Fig. 6 Effect of spanwise panel density on span efficiency of elliptical
and crescent wings, computed by Trefftz-plane integration.
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Fig. 7 Effect of angle of attack on span efficiency of elliptical and
crescent wings, computed by surface-pressure integration.
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Wake Modeling Effects

These results have shown that surface-pressure integration
does not provide reliable drag predictions, even with im-
practically high panel density, whereas the Trefftz-plane anal-
ysis provides consistent results over a wide range of panel
density and angle of attack. Since this study was done with
the trailing wake modeled straight back in the freestream
direction, a question may be raised about the effect of this
approximation on the difference between the drag computed
from the Trefftz plane and pressure integration. Although the
straight wake is not force-free, it is drag-free, since the vor-
ticity is parallel to the freestream. Therefore, the Trefftz-
plane drag is expected to agree with the drag that would be
determined from a perfect pressure integration, and any dis-
agreement between the Trefftz plane and pressure integration
must be an artifact of inaccurately computing or integrating
the surface pressures. Whatever influence the replacement of
the real force-free wake with a straight wake model has on
the induced drag, it should be equally evident in the surface
pressure distribution and the Trefftz plane.

The influence of the wake geometry on induced drag may
be anticipated from the discussion in Ref. 13, where the clas-
sical momentum control volume is subdivided by a near-field
plane as shown in Fig. 9. The portion of the force-free wake
which lies between this near-field partition and the Trefftz
plane may be replaced by a straight extension of the wake
shape at the partition without changing the drag computed in
the Trefftz plane. Of course the straight wake is only drag-
free; the Trefftz-plane lift would be effected. For a wing with
a straight, unswept trailing edge, this near-field plane may be
moved very close to the trailing edge, and the entire rolled-
up wake may be replaced by a straight wake without changing
the computed drag. For the classical elliptic wing, a portion
of the rolled-up wake remains when the partition is located
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Fig. 8 Effect of angle of attack on span efficiency of elliptical and
crescent wings, computed by Trefftz-plane integration.
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immediately downstream of the trailing edge at the root. Re-
placing this portion of the free wake with a straight wake is
expected to introduce an error in the drag. To assess the
magnitude of the drag error on the elliptical wing with straight
wake, free wakes were generated for the crescent and elliptical
planforms.

A force-free wake geometry with 50 trailing vortices was
developed with the unsteady vortex-lattice method of Ref. 11
for the (X, = 1.0) crescent wing. This wake geometry was
modeled with 17 spanwise panels to match a N, X N, =
64 x 17 panel model of the wing. Induced drag was computed
by both surface-pressure and Trefftz-plane integration for both
wake geometries. These results are given in Table 1.

The free wake had some effect on the induced drag com-
puted by surface-pressure integration; the computed span ef-
ficiency decreased by 1.8%, but because of the relatively course
panel density used, these values are probably not meaningful.
On the other hand, the Trefftz-plane drag changed rather
dramatically, decreasing more than 8%. Although it is true
that there are higher-order errors associated with the Trefftz
integral when the wake is not parallel to the freestream,'® this
was not the problem here. Numerical integration of the mo-
mentum through the entire exit plane yielded similar results.
The source of error was in the details of the wake shape.
Recall that the Trefftz integration gives the induced drag within
the control volume. An error in the wake shape implies that
the wake is not drag free, and leads to an error in the com-
puted drag. This wake-shape error arises from the basic nature
of the vortex-lattice method used to relax the wake. The wake
shape is determined by velocities computed from the bound
and trailing vortex systems. But vortex-lattice and constant-
doublet panel methods have velocity singularities at the panel
edges, and the velocities are correct only at the control points.
Significant velocity errors exist at other points in the field,
particularly on the wake near the trailing edge.?

To solve this problem, a hybrid scheme was developed
which uses the accurate velocities from the high-order panel
method for the influence of the wing on the wake, and the
customary vortex method for the wake-induced velocities.
Although the wake appeared qualitatively correct after just
three relaxation iterations, 12 iterations of this hybrid ap-
proach were used to generate a wake with sufficient geo-
metrical accuracy to insure accurate Trefftz-plane drag com-
putation. Force-free wakes were generated for both the crescent
and elliptical planforms modeled with N, X N, = 86 x 29
panels at an angle-of-attack of o = 3.57 deg. A comparison
of the wake shapes generated by the two methods is shown
in Fig. 10, indicating that a relatively small error in wake
shape has a significant impact on the drag computed in the
Trefftz plane.

Table 2 gives the results for both wing planforms with both
straight and force-free wakes.

The results of the panel sensitivity study indicate that even
with the high panel density used for this study of wake effects,
the span efficiency found from pressure integration is prob-
ably not reliable, although the increment in span efficiency
between the straight-wake and free-wake results is compa-
rable to the Trefftz-plane results. The Trefftz-plane results
are consistent with the hypothesis stated above. When a straight
freestream wake is modeled with the elliptical wing, the com-
puted span efficiency is about 1.5% higher than with the
correctly modeled force-free wake, reflecting the error intro-
duced by ignoring the initial roll-up ahead of the control-
volume partition. On the other hand, the span efficiency of
the crescent wing increases less than 0.2% with the straight-
wake approximation, consistent with the conclusion that all
the roll-up may be eliminated without changing the computed
drag for this configuration.

Other Nonplaner Wake Effects

Attention has recently been focused on the nonplanar wake
which is formed by the projection of the trailing edge shape
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Table 1 Effect of force-free wake from vortex-lattice
method on the span efficiency of the crescent wing (X, = 1.0)

C. €sp TR
Straight freestream wake 0.3444 1.0325 0.9924
Force-free wake (vortex-lattice) 0.3432 1.0141  1.0819

Table 2 Effect of wake geometry on the span efficiency of
the elliptical (X, = 0.25) and crescent wing (X, = 1.0) at

a = 3.57 deg
CL €sp TR
Elliptical wing:
Straight freestream wake 0.30356  0.9781 0.9847
Force-free wake 0.29965 0.9685 0.9691
Crescent wing:
Straight freestream wake 0.30666 1.0143 0.9915
Force-free wake 0.30353 1.0128 0.9897
3 ~———— Vortex Lattice Method
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Fig. 10 Comparison of wake shape determined by vortex-lattice and
hybrid methods; cross section 11.5 chords downstream of the crescent
wing, b/2 = 2.75.

into the Trefftz plane.'*16-17 For the traditional elliptical wing
at 4-deg angle of attack, the effective nonplanar height is
h/2b = 0.02, and the expected drag reduction from the non-
planar wake is about 1%.*> However, this effect is oversha-
dowed by the nonideal span loading. The crescent wing (X,
= 1.0) has a planar wake at all angles of attack, and therefore,
has none of the nonplanar benefit, but maintains a more
nearly ideal span loading. This nonplanar wake effect be-
comes more pronounced at higher angles of attack, and would
have more impact on improving climb rather than cruise per-
formance of aircraft.

Comparison of Elliptical and Crescent-Shaped Wings

The spanwise distribution of lift and induced drag for the
two wing planforms were determined by integrating the sur-
face pressures on panel columns of constant span. The lift
distributions for the crescent and elliptical wings at &« = 4
deg, compared with a true elliptical loading, are shown in
Fig. 11. The crescent wing (X, = 1.0) exhibits a more nearly
elliptical loading than the elliptical wing (X, = 0.25). Recall
that the classical elliptical wing concept arises from lifting line
theory, where the trailing wake from an elliptical circulation
distribution produces uniform downwash on an unswept lift-
ing line. It follows that an elliptical chord distribution would
produce the elliptical loading, since the induced angle of at-
tack is constant. In reality, the downwash distribution over
the actual wing surface where the bound vorticity is distributed
is-not uniform, leading to a somewhat nonelliptical loading.
Of course, a truly elliptical circulation distribution is una-
chievable since it requires an infinite vorticity strength along
the wake edge.

Figure 12 shows the distribution of induced drag along the
span for both wing planforms. The induced drag distribution
on the elliptical wing is nearly elliptical, reflecting more or
less constant downwash along the span. The effects of sweep
on the crescent wing modify the downwash distribution, and
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therefore, the induced drag distribution along the span. Com-
pared with the elliptical wing, the inboard portion of the
crescent wing produces less lift and more drag, resulting from
greater downwash. Similarly, induced upwash on the tip re-
gion creates a considerable amount of thrust. Spanwise panel
density must be sufficient to resolve the strong spanwise pres-
sure gradients indicated by this pattern in order t6 accurately
determine the induced drag from surface pressure integration.
This explains why the error in induced drag computation from
insufficient spanwise panel density is so planform-dependent.

The variation of downwash along the wake trace in the
Trefftz plane for the two geometries is shown in Fig. 13. Both
wing planforms have some upwash near the tip resulting from
the finite vorticity at the tip, although the downwash remains
more nearly constant close to the wingtip on the crescent wing,
consistent with the more nearly elliptical span loading. The
downwash distributions of Fig. 13 also give some idea of why

e Ellptical
~~=== Crescent

Cre

.05

.00 - - - -
0 A 2 3 4 5 ] 7 8 9

Span Station, 2y/b

Fig. 11 Spanwise distribution of lift for the elliptical and crescent
wings.

spanwise resolution near the tip is less important for Trefftz-
plane integration; the jump in potential at the tip is rather
small, and so this small region of nonuniform downwash con-
tributes little to the value of the drag integral.

Figure 5 showed that the apparent drag savings between
the crescent (X, = 1.0) and elliptical planforms with straight-
wake models changed from about 6 to 1.8% as the panel
model was refined from N, = 10 to N, = 69. The 6% drag
increment predcted with N, = 10 is similar to the results of
Ref. 8, allowing for the different wake model used. Figure
14 compares Trefftz-plane results from the present study and
from Ref. 14 with the pressure-integration results of Ref. 8.
Predicted span efficiency for elliptical and crescent planforms
with both force-free and straight wake models are shown.
These results suggest that much of the drag savings indicated
in Ref. 8 are more likely an artifact of inaccurate pressure
integration than a favorable interaction with the rolled-up
wake. All of the planforms studied achieved span efficiencies
slightly less than the classical maximum.

The 2% improvement in span efficiency shown here for the
X, = 1.0 wing is most likely due to the more nearly elliptical
span loading. It is possible to modify the chord distribution
of the X, = 0.25 wing to achieve a more nearly elliptical span
loading. The local chord of this wing was increased by the
difference between the actual span loading and an ellipse at
each spanwise panel edge. All the chords were then normal-
ized so that the total wing area remained constant. This new
planform was then reanalyzed to find the new span loading.
Four iterations of this process led to the wing planform shown
in Fig. 15. The spanwise lift distribution of this wing is as
close to elliptical as the crescent wing, as shown in Fig. 16.
The Trefftz-plane span efficiency of this wing modeled with
a straight wake was 0.993, essentially the same as the crescent
planform with the same panel density.
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Fig. 12 Spanwise distribution of induced drag for the elliptical and
crescent wings.
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Fig. 13 Downwash distribution in the Trefftz plane for the elliptical
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Fig. 16 Spanwise distribution of lift for the modified elliptical and

crescent wings.

Conclusions

It is quite difficult to determine induced drag from com-
putational methods with sufficient accuracy to assess the per-
formance of the wing tip modifications. Whether the surface
pressures are found from a Navier-Stokes code on a finite-
difference grid or a surface-panel method, the resulting pres-
sures must be integrated to find the induced drag. This in-
tegration is very sensitive to grid or panel density in both the
chordwise and spanwise directions, and to numerical error.
For methods which maintain a coherent trailing vortex wake,

such as panel methods, the technique of Trefftz-plane inte-.

gration may be used to determine induced drag without the
high sensitivity to panel density or angle of attack.

Trefftz-plane analysis predicted a drag savings of about
0.85% for the crescent wing compared with the elliptical wing
when both wings were modeled with straight wakes. This
savings was attributed to a more nearly elliptical span loading.
' The span efficiency of both planforms was slightly less than
1.0. An elliptical wing modified to improve the span loading
was shown to have the same span efficiency as the crescent
planform. Substitution of a force-free, rolled-up wake ge-
ometry reduced the computed span efficiency of the crescent
wing by only 0.18%, but reduced the predicted performance
of the elliptical wing by about 1.5%. These results are con-
sistent with a hypothesis based on an extension of the classical
control-volume momentum theory. The computed span ef-
ficiencies of the elliptical and crescent wings, including ac-
curately modeled free wakes, were 0.970 and 0.990, respec-
tively. These results suggest that much of the apparent drag
reduction of the crescent wing claimed in previous studies is
probably an artifact of the pressure integration rather than
an interaction with the nonplanar wake.

The Trefftz-plane integration of the rolled-up wake was
found to be very sensitive to errors in the wake shape. The
wake geometry generated from a vortex-lattice method was
not sufficiently accurate, and a new scheme was developed
which used induced velocity information from the high-order
panel code as part of the wake relaxation. The new technique
produced significantly more accurate wake shapes.

Wake roll-up effects must be accounted for if highly ac-
curate drag comparisons are required, but the error in Trefftz-
plane drag resulting from inaccurate wake shapes is poten-
tially quite large. On the other hand, the error associated with
the straight wake model is rather small and probably quite
acceptable for routine performance estimation. This is for-
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tunate, since the straight wake model is considerably less time
consuming to generate than the correct force-free wake.

Other recent studies have indicated the potential for in-
creased span efficiency when the trailing wake is not planar.
In this study, the benefit of the nonplanar wake on the el-
liptical wing was probably outweighed by the less than ideal
lift distribution. Nonplanar wake effects are expected to play
alarger role at higher angles of attack, representative of climb
rather than cruise conditions. Wingtip shapes which exagger-
ate these nonplanar wake effects while maintaining optimum
span loading, may offer enough performance gain to warrant
further research, and the results of this study provides a frame-
work for accurately predicting their performance with com-
putational techniques.
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